In this paper, we study a cubic system and obtain a concrete condition under which the cubic system has 13 limit cycles.
Introduction and Main Result
As we know, the second part of the Hilbert problem is to find the maximal number and relative locations of limit cycles of polynomial systems of degree n. Let H(n) denote this number, which is called the Hilbert number. Then the problem of finding H(n) is divided into two parts: find an upper and lower bounds of it. For the upper bound there are important works ofÉcalle [1990] and IIyashenko and Yakovenko [1991] . However, if H(n) < ∞ holds or not is still open, even for the case n = 2. On the other hand, many works have been done on the lower bound, especially for quadratic and cubic systems. See [Li, 2003] for a detailed introduction to recent advancement of the problem. For example, Bautin [1952] proved H(2) ≥ 3 by studying Hopf bifurcation. Chen and Wang [1979] and Shi [1980] separately proved H(2) ≥ 4. Li and Huang [1987] first found a cubic system having 11 limit cycles, giving H(3) ≥ 11. Li and Liu [1991] , and Liu et al. [2003] respectively found more cubic systems having 11 limit cycles with the same distribution. Later, and Han et al. [ , 2005 used the method of stability-changing of a homoclinic loop to give more cubic systems having 11 limit cycles with two different distributions. Then Zhang et al. [2005] studied an asymmetric cubic system and found three different distributions of 11 limit cycles. Yu and Han [2004 , 2005a , 2005b proved further H(3) ≥ 12 by studying Hopf bifurcation in some centrally symmetric cubic systems. Recently, Liu and Li [2008] obtained a sufficient condition for the existence of 13 limit cycles in this kind of cubic systems. The 13 limit cycles have the distribution: one large limit cycle bifurcated from the equator surrounds 12 small limit cycles which are bifurcated from two symmetric foci. Then in the same year, Li et al. [2009] considered a cubic system of the forṁ
where 0 < λ < 1, k > 10, and α 1 , α 2 , α 3 and α 4 are parameters, and proved that the system can also have 13 limit cycles if k is sufficiently large. The limit cycles are obtained by proving the existence of zeros of Melnikov functions based on some known results, and present a new distribution. Both works of Liu and Li [2008] , Li et al. [2009] are the best results so far for cubic systems and are very important, yielding H(3) ≥ 13.
In this paper, motivated by the work of Li et al. [2009] , we consider the following cubic systeṁ
where k > 0, b > 0, and δ 1 , δ 2 , δ 3 and δ 4 are parameters. It is easy to see that (1) and (2) are equivalent. We use the method developed in Han and Chen [2000] , Han et al. [2008] , Yang and Han [2007] to prove that system (2) can have 13 limit cycles. The main purpose is to give a concrete condition for the existence of 13 limit cycles, which can be taken as an improvement of the work by Li et al. [2009] in two aspects: a simple and concrete condition for the existence of 13 limit cycles is given; on the other hand, the proof method (i.e. the way to find zeros of Melnikov functions) is simpler and more direct. The condition here is also much simpler than that of Liu and Li [2008] . More precisely, we have the following main result. Theorem 1. System (2) has 13 limit cycles if
where with
In particular, if
and (4) holds with
then system (2) has 13 limit cycles.
Remark. The distribution of the 13 limit cycles under the condition of the above theorem is just the same as obtained in Li et al. [2009] as shown in Fig. 1 .
Proof of the Main Result
Consider system (2). For ε = 0, (2) is Hamiltonian with
and has five centers A 1 , A 2 , A 3 , A 4 , O (the origin) and four saddles S 0 , S 1 , S 2 , S 3 , where
and
For example, for k = 100, b = 7/2, then (8) and (9) become (11) respectively. It is easy to see that
Then for each of h 1 and h 2 , the equation H(x, y) = h j defines a double homoclinic loop passing through S j , denoted by L j , and for h 0 , the equation H(x, y) = h 0 with y > 0 defines a double homoclinic loop passing
, and L 21 be the homoclinic loop passing through S 2 and surrounding a unique singular point at the origin, and L 22 be the homoclinic loop passing through S 2 and surrounding all other singular points. Then
withL 2h surrounding all the singular points. In the following, we fix (k, b, δ 3 , δ 4 ) satisfying (3). Then correspondingly we have the following Melnikov functions
where
Since H(x, y) is even in y and q is odd in y, we have (see [Li et al., 2009] )
Thus, we will only consider the zeros of M + , M + j andM j , j = 1, 2. For convenience, we let
We will prove Theorem 1 by finding zeros of the functions M, M 1 , M 2 andM 2 . First, on their analytical property at the endpoints of their domain, by Remark 1.4 in [Han & Chen, 2000] or Theorem 2.2 in [Han et al., 2008] , Theorem 1.2 in [Han, 2000] and Lemma 2.9 in [Han, 2006] we have Lemma 1. Let (3) be satisfied by δ 3 and δ 4 constant. Then
and 
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Under the condition (3), (7) becomes
By (17) we have
By Maple 
By (17) again, we have
where 
2 dx , i = 1, 2, 3, 
Now substituting (21) into (19) and by (17) we get 
x 1 (h) y 1 = 1 6 360000 + 6 −18x 4 − 84x 3 + 36x 2 + 3600000000 + 72h, y 2 = 1 6 360000 − 6 −18x 4 − 84x 3 + 36x 2 + 3600000000 + 72h.
and x 1 (h) < 0 < x 2 (h),x 1 (h) <x 2 (h) < 0 < x 3 (h) <x 4 (h) satisfy
